This publication provides a coherent treatment for the reactor neutrino flux uncertainties suppression, specially focussed on the latest θ13 measurement. The treatment starts with single detector in single reactor site, most relevant for all reactor experiments beyond θ13. We demonstrate there is no trivial error cancellation, thus the flux systematic error can remain dominant even after the adoption of multi-detector configurations. However, three mechanisms for flux error suppression have been identified and calculated in the context of Double Chooz, Daya Bay and RENO sites. Our analysis computes the error suppression fraction using simplified scenarios to maximise relative comparison among experiments. We have validated the only mechanism exploited so far by experiments to improve the precision of the published θ13. The other two newly identified mechanisms could lead to total error flux cancellation under specific conditions and are expected to have major implications on the global θ13 knowledge today. First, Double Chooz, in its final configuration, is the only experiment benefiting from a negligible reactor flux error due to a ∼90% geometrical suppression. Second, Daya Bay and RENO could benefit from their partial geometrical cancellation, yielding a potential ∼50% error suppression, thus significantly improving the global θ13 precision today. And third, we illustrate the rationale behind further error suppression upon the exploitation of the inter-reactor error correlations, so far neglected. So, our publication is a key step forward in the context of high precision neutrino reactor experiments providing insight on the suppression of their intrinsic flux error uncertainty, thus affecting past and current experimental results, as well as the design of future experiments.
INTRODUCTION
Reactor neutrinos have been used for fundamental research since the discovery of neutrinos. The last decade have witnessed a remarkable reduction of systematic error in reactor neutrino experiments, by about one of order of magnitude, imposed by the high precision needed to measure θ 13 by Double Chooz [1] (DC), Daya Bay [2, 3] (DB) and RENO [4] , a milestone for the world strategy of neutrino flavour research. RENO has released several updates of the θ 13 analysis in conferences here disregarded until publications follow. The reactor measurements are consistent with all measurements sensitive to θ 13 [5, 6] obtained via other techniques providing a coherent θ 13 perspective, as obtained by global fit analyses [7] [8] [9] . Since the reactor θ 13 experiments precision is unrivalled, they are expected to dominate the world knowledge on θ 13 , likely, for a few decades to go. Hence, reactor systematic dominates much of the θ 13 world knowledge, as experiments reach their final sensitivities. The measured θ 13 (and its uncertainty) is expected to play a critical role to constrain, or measure, still unknown neutrino oscillation observables, such as CP-violation and the at-mospheric mass hierarchy [10] .
To maximise the sensitivity to θ 13 , reactor experiments were forced to conceived experimental setups where flux, detection and background systematics are controlled to the unprecedented level of a few per-mille each contribution (<1% total). The statical resolution is boosted by using multi-reactors sites. The unprecedented precision achieved is experimentally very challenging, therefore the redundancy θ 13 -experiments is critical, specially if their uncertainty budgets are complementary to offer maximal cross-validation. Despite some complementary, the reactor experimental setups are unavoidably similar and suffer from similar limitations, hence validation by different techniques would be important, although the precision needed is unattainable today. The fore-mentioned precision improvement was obtained via multi-detector experimental setups, whereby, at least, two detectors are used for the reduction of the overall systematic budget since correlated systematics among detectors cancel out. This way, while the absolute systematics are the same, the relative systematics are much lower. The absolute systematics are still dominant in any single-detector setup, such as DC (single detector), but also all past and, likely, most future reactor experiments.
The systematics reduced by the multi-detector configuration are: detection and flux systematics. Detection systematics benefit from dedicated detector design for them to be effectively identical, typically so, only upon full calibration, thus implying the same (or negligibly different) responses and composition (cross-section, proton number, etc). Flux systematics benefit from the fact that the near detector(s) is located closer the reactor(s) such that the flux modulation originating from neutrino oscillations, θ 13 in this case, is negligible (or very small) compared to the far detector(s) located further away. The far is placed at the expected maximal oscillation deficit driven by the ∆m 2 (atmospheric) constraint by MINOS [5] and T2K [6] . The suppression of the flux systematic is highly non-trivial, being the main subject of this publication. While having effectively identical detectors suffices to reduce detection systematics, from ∼2.0% [2] to ∼0.2% [2] , just having near and far detectors will not necessarily provide a full cancellation of flux systematics -unlike what was originally thought. There are three mechanisms leading to possible flux systematic reduction to be elaborated in detail within the paper. First, multi-reactor uncorrelated uncertainties can benefit from having several identical reactors. Second, the near-far geometry of the experimental setup could enhance ability for the near become an effective perfect monitor to the far; i.e. cancelling fully the flux systematic error. And, third, the nature of the reactor uncertainties; i.e. whether correlated or uncorrelated among reactors; might be exploited, as measured by multiple detectors. Reactor systematics suppress from single detector scenario, typically ∼3% [2] to <1% for multi-detector setups. DC achieves an impressive ∼1.7% [1] for a singledetector setup using the Bugey4 data for the mean crosssection per fission normalisation of the fission; i.e. as an effective normalisation-only near. The most accurate reactor flux anti-neutrino spectrum predictions [11, 12] rely on the ILL uranium and plutonium isotopes input data [13, 14] . However, the final flux systematics are a combination of the reactor and spectral systematic errors and depends on depends on each experiment configuration, since the evolution of the fission elements depends on the running configuration of each reactor. Therefore flux systematics are expected, with current knowledge, to be the dominant contribution for some of the reactor θ 13 experiments, such as DB, itself leading the world θ 13 precision.
This publication develops a framework for the nontrivial propagation of the reactor flux uncertainties and their suppression in the context of multi-detector and multi-reactor experimental setups, providing mechanism for the improvement of the global θ 13 precision. Most our discussion stays generic on flux systematic propagation; i.e. no need for the specific experiment error breakdown, allowing easy relative comparison across all experiments. Our study cases, however, inspired on the specific reactor-θ 13 experiments configurations for maximal pertinence. The core of our calculations is analytical, but a cross-check was implemented using a dedicated Monte-Carlo-based analysis, is also presented. The discussion starts from the simplest single detector configuration, then evolving towards a general formalism applicable to any multi-detector and multi-reactor setups. The numbers linked to the specific experimental setups are however only guidelines as they are obtained in simplified scenarios, again, to maximise comparability.
FLUX INDUCED UNCERTAINTIES
So far, the reactor θ 13 -experiments appear to treat the reactor systematics similarly. However, all collaborations are lacking dedicated publications on the topic, so questions about the coherence across collaboration remain. Below, we will briefly summarise the reactor flux systematics information, as provided by the different collaborations. Most experiments rely on PWR reactors, hence the anti-neutrino flux is dominated by four iso- [1, 2, 4] . The Daya Bay and RENO errors quoted here are correspond to their uncorrelated contributions, as they relied on multi-detector setups. Instead, the Double Chooz errors includes also the correlated contributions, as quoted from single-detector analysis. Therefore, the Double Chooz error is expected to be overestimated and will be revised by the collaboration in future publications. Thermal power (P th ), fission fractions (α f ) and spent fuel are considered. In general, flux systematics uncertainties are typically broken down into three terms: thermal power, fission fractions and spent fuel, as summarised in Table I . The thermal power history is usually provided by the electricity company exploiting the reactor. The associated error is related to the measurement method, the precision of the installed sensors and the employed sensors calibration [15] . Each experiment has to precisely study the way how the thermal power is measured in order to estimate the corresponding error and the possible correlations among all the reactors involved, as typically, the same measurement techniques are applied to all identical reactors in a power plant. The fractional fission rates have to be computed through reactor simulations, while their uncertainty estimation is not simple as they depend on the reactor model and the approximations used for each setup [16] . After each cycle, the reactors are stopped for refuelling, typically once per year in a few weeks lasting operation. In this operation, part of the fuel assemblies are exchanged with new ones. The spent fuel are stored in the dedicated pools, typically located next to the reactor sites with slightly different baselines. The spent fuel long lived fission products can generate a small fraction of anti-neutrinos above the inverse beta decay threshold [17] . Therefore, each experiment has to evaluate also the contribution from spent fuel and its uncertainty.
DC, until now operating in single-detector mode (DC-I), quotes its reactor uncertainties as fully correlated between reactors, which is the most conservative approach for this configuration as it will be demonstrated later on. The values for the thermal power and the fission fraction are 0.5% and 0.9%, respectively [1] . The spent fuel contribution was estimated within the dominant 1.7% flux systematic error quoted for all DC-I publications. The DC-I errors quoted account for both correlated and uncorrelated contributions, thus they are overestimated relative to its multi-detector configuration where only the uncorrelated errors are to be considered, as quoted by Daya Bay and RENO. DC is expected revise these numbers in forthcoming the multi-detector DC (data taking started in 2014). However, our description handles error suppression in relative, thus avoiding absolute error estimation and/or premature discussion, left for the publications by the experiments.
DB and RENO, instead, quote systematics for their multi-detector configurations; i.e. only the detector uncorrelated components. DB quotes, as thermal power and fission fraction systematics, 0.5% and 0.6% respectively [2] . An extra contribution from the spent fuel is estimated to be 0.3%, increasing the overall systematic to 0.8% [2] . DB presented a reduction of the total systematic uncertainty to 0.04% on its ratio between observed over predicted rate upon optimisation, allowing modulation of the different near contributions relative to the far. This analysis, although not used for the measurement of θ 13 , raises unsettled debate about the physical meaning of such a modulation, a priori fixed by the geometrical configuration of the site. For completeness, we have replicated such a result in this publication, however we disregard it fully for discussion on the precision of θ 13 . RENO, on the other hand, quotes 0.5% and 0.7% [4] , respectively, for the thermal power and fission fractions, leading to an overall total reactor uncorrelated flux systematic uncertainty of 0.9%, in consistent agreement with DB. RENO quotes no error for the spent fuel, so it is neglected hereafter, however this is somewhat unexpected since its contribution is expected to be non-negligible given the large number of reactors, like in the case of DB.
THE ISO-FLUX CONDITION
An important consideration for the reduction of reactor flux systematics is the geometry of the experimental setup, illustrated in Fig. 1 , which might lead to total error cancellation. The location of the detector strongly depends on the overburden topology of the site, critical for background suppression. In a multi-detector experimental site configuration, the flux uncertainties would cancel entirely, regardless of the nature of the uncertainties, if the relative contribution made by each given reactor to the total detected antineutrino flux is the same for all the detectors. This is a simple acceptance condition, as it will be demonstrated later on. If met, the near becomes an effective perfect monitor of the far, thus the flux systematic uncertainty is null. This condition is, in fact, trivially possible in case of isotropic sources, like reactors and, unfortunately, typically impractical in meson-decay neutrino induced beams (i.e. decay in flight), where laborious dedicated efforts, including dedicated experiments, are needed for an accurate spectral extrapolation from near to far, like in the case of MINOS and T2K. Com- plex multi-reactor sites experiments might not meet isoflux condition. However, the iso-flux condition might be fulfilled partially, thus yielding partial suppression of systematics. As the iso-flux condition is not fully fulfilled by any of the reactor-θ 13 experiments, the estimation of the reactor systematics is not straightforward. So, it is mandatory to account for the differences among the reactor compositions fluxes and their corresponding systematic errors. In fact, this will be investigated and quantitatively estimated in the following sections for each experiment, using some simple approximations. 
where index Ri runs over all the reactors (R1, R2,. . . ,N R ) per site and the index D stands for the detector(s), where the near(s) and far(s) will be indicated later on by n and f , respectively. The accuracy and the precision of the geometrical solid angles is carefully controlled by the experiments by dedicated surveys. The relevant distances are summarised in Table II . The associated uncertainty is generally so small relative to other terms, that we can neglect them for our analysis. We can also neglect the effect of neutrino oscillation, as we consider the un-oscillated integral flux prediction.
Before going through the specific cases, let us define three quantities to be used throughout the formalism.
They characterise the systematic error associated to the emitted anti-neutrino flux contributing to the error of the measurement made by detectors. δ Ri represents the relative error of the emitted anti-neutrino flux per single reactor core Ri; i.e. the relative error of Φ Ri . δ D is the flux reactor uncertainty, as measured by the experiment; i.e. the relative error of Φ D . For an experimentalist considering a precise measurement of θ 13 , the most important quantity is δ D , but the raw input is δ R . The ratio between δ D over δ R provides a measure for the effective error suppression fraction (SF) obtained upon error propagation, which is the core parameter used for error suppression characterisation. This factor reflects the ability of each experiment to reduce the overall reactor uncertainty relative to the simplest case of one detector with one reactor configuration (i.e. δ R ), where no cancellation is expected. The convention use is that the smaller the SF, the smaller the final reactor flux error systematic as measured at the detector (δ D ), so SF is ranges within the interval [0,1]. The extreme values 0 and 1 stand for total suppression (δ D = 0, regardless of δ R ) and no suppression (δ D = δ R ), respectively.
In this section, our formalism focuses on the propagation of the flux uncertainties, as characterised by the effective SF starting from Eq. 1 as applied to the specific configuration of each setup and considering the same contribution for each individual reactor and ignoring the nature of each error component. Hence, most of our description is done in relative; i.e. no necessity to introduce absolute error discussion; providing the ideal framework for highlighting the main features of each experiment in a comparable basis. As convention, we took the actual experimental setups (next sub-sections) to illustrate our discussion. However, most of the discussion remains generic and figures will aim to be exemplify the general features. To simplify the description flow, some calculations are only shown in the Appendix.
Single Detector: the DC-I Configuration
This case is best illustrated by the DC-I (far only phase), where N R stands for 2 reactors, R1 and R2. Propagating the errors on Φ D (Eq. 1) for the sole detector involved, we obtain the corresponding SF expressed as
where k stands for the correlation factor between the generated fluxes defined (see Eq. A34) as
where δ c R and δ u R are, respectively, the correlated and the uncorrelated components of the total reactor flux uncertainty per individual core, defined as (
2 . Then, we can rewrite Eq. 2 as
using a term proportional to the difference between the reactor fluxes weighted by the corresponding solid angles
where L R1 and L R2 are the distances between the detector and the reactors. The proportionality between the solid angles and the corresponding detector-reactor distances is given by the inverse-square law. The results provided by Eq. 4 remain the same for a different choice of the reference reactor in Eq. 5, more precisely considering the ratio (Ω R1 Φ R1 )/(Ω R2 Φ R2 ). Indeed, this case is equivalent to a transformation Ω dR → 1/Ω dR which leaves Eq. 4 unchanged. The implications of Eq. 4 are best illustrated in Fig. 2 where the SF is shown against the reactor flux asymmetry between both Chooz reactors, defined as (Φ R2 − Φ R1 )/(Φ R2 + Φ R2 ), and the reactor uncertainty type asymmetry, defined as (δ c − δ u )/(δ c + δ u ), characterising the fraction of reactor error (un)correlation generically. There are two interesting limit cases in Fig. 2 where there is no error reduction (i.e. SF = 1):
• when the errors are maximally correlated, represented by the condition (δ • when either reactor is working, represented by the
this is because those cases cannot be effectively distinguished from the case of single detector with a single reactor scenario. If two reactors uncertainties are totally correlated, this is like if it was one effective reactor, regardless of the geometry of the setup.
Conversely, some error reduction (SF <1) is expected elsewhere: whenever the source is consistent made up of two independent (i.e. uncorrelated errors; i.e. k = 0) reactors working at about the same contribution. Error suppression is expected to be maximal (i.e. SF minimal) when the two reactors have totally uncorrelated errors, since those reactor errors scale with 1/ √ 2 (∼0.7). The slight asymmetry in the reactor flux asymmetry (x-axis) is a consequence of the distance far-R1 being slightly closer than far-R2, as shown in Fig. 1 . While rather trivial, the one detector case is important for many experiments and it is remarkably illustrative in the context of this discussion, since the fore-mentioned description inverts when considering a multi-detector sites, as described next.
Multi-Detector: the DC-II Configuration
Let us consider now the SF behaviour for the DC-II scenario with two detectors with two reactors. In this case, it is more reasonable to characterised the SF associated to the near-far ratio, most relevant for oscillation analyses, as indicated by
when C represents a constant such that the predicted un-oscillated flux at the far is obtained from the near (i.e. Φ pred f = C × Φ n ). This constant accounts for the difference in the baselines between the near and far sites, due to the isotropic emission of neutrinos in reactor. The near and far are respectively indicated by the subindexes n and f . Let us reconsider Eq. 1 now generalised to consider the contribution of the two detectors to compute the ratio Φ f /Φ n . As in the case of the single detector case, we are interested in the expression for SF but now relative to the ratio between detectors, indicated by δ nf , to the relative error of the flux emitted by each reactor, thus
where δ n and δ f are the relative errors of the fluxes reaching the individual detectors, respectively for the near and far. The first two terms in Eq. 7 are the same as the ones obtained for single detector configuration (Eq. 4). The new term corresponds to the covariant term computed as
where k has the same definition as in Eq. 3 for the error correlation factor. We introduce Ω nR and Ω f R parameters, as in Eq. 5, to obtain now
such that the previous Eq. 7 now becomes
representing SF general expression for the near-far setup with two reactors. As before, Ω nR and Ω f R are independent from any factor which multiplies both solid angles or both reactor rates, thus the weight parameter from Eq. 6 does not contribute to the expression from Eq. 10. This expression is also independent from the transformation Ω DR → 1/Ω DR (with D = n,f) given by a different way of defining the fraction terms in Eq. 5. By definition, the iso-flux condition implies that the relative antineutrino fluxes from reactors is the same for both detectors. This can be mathematically represented as
The implication of Eq. 10 are best illustrated in Fig. 3 where the evolution of the SF is shown. Fig. 3 -Left plot shows SF evolution relative to both the reactor acceptance asymmetry, defined as (Ω R2 − Ω R1 )/(Ω R2 + Ω R1 ), and the reactor uncertainty type asymmetry, defined as
The iso-flux condition is met whenever the reactor acceptance asymmetry is ∼0, leading to a SF to fully cancel, regardless of the nature of reactor uncertainties, demonstrating so the near is a geometrical perfect monitor to the far. This is the same as imposing the condition in Eq. 11 in Eq. 10. The DC geometry is such that the iso-flux-ness is partially met along the projection (Ω R2 − Ω R1 )/(Ω R2 + Ω R1 ) ≈ −0.28, hence a major reduction of SF is obtained where SF can, at most, be ∼0.12; i.e. ∼90% of the original uncertainty is thus suppressed. Fig. 3 -Right plot shows SF evolution relative to both the reactor power flux asymmetry, defined as (Φ R2 −Φ R1 )/(Φ R2 +Φ R1 ), and the reactor uncertainty type asymmetry, as defined before. The effect of the reactor flux asymmetry can only exemplified in the case of DC with two reactors. Total cancellation of SF also is found if the uncertainties are reactor correlated maximally (i.e. k = 1) or either reactor is off. This is expected because both such conditions are equivalent as having one effective reactor as source, thus perfectly monitored by the near, regardless of the experimental setup geometry or the type of the uncertainty. As expected, this conclusion is general and true independently of how many reactors are considered. This implies that, for example, whenever DC runs with 1 reactor and both detectors, the flux error is zero for that data set. It is worth noting that the pattern shown for DC-II, illustrated in Fig. 3 -Right, is exactly the opposite to the one exhibited by DC-I, illustrated in Fig. 2 , where no suppression (SF=1) is obtained in the case of total correlated reactor uncertainties. In brief, the DC-II performance, SF ∼0.12, exemplifies the best multi-detector error cancellation due its almost isoflux geometry where almost ∼90% of the SF is due geometry. The remaining SF fraction (∼30%) is caused by the 1/ √ N R scaling of the remaining totally uncorrelated error, where N R = 2. 
The iso-flux condition is met whenever the acceptance asymmetry is ∼0, leading to a SF →0 (violet), regardless of the nature of reactor uncertainties, thus demonstrating that the near is a geometrical perfect monitor of the far. The DC geometry is such that the iso-flux-ness is partially met along the projection (ΩR2 − ΩR1)/(ΩR2 + ΩR1) ≈ −0.28, hence SF is, at most, ∼0.12. Right shows the evolution of SF against both the reactor power flux asymmetry (x-axis), defined as (ΦR2 − ΦR1)/(ΦR2 + ΦR1) (i.e. the flux difference between reactor R1 and R2), and the reactor uncertainty type asymmetry (y-axis), as defined before. Note that the maximal value possible of SF is the same ∼0.12, as explained. Total cancellation (i.e. lowest SF) is found if the uncertainties are reactor correlated maximally or either reactor is off. This is because both cases are mathematically identical as to having one effective reactor as source, perfectly monitored by the near, regardless of the experimental setup geometry.
Multi-Detector: the RENO Configuration
Generalising Eq. 10 to account for a larger number of reactors (N R = 6), RENO is becomes our next case with two detector sites and N R = 6, as illustrated in Fig. 1 . The new general expression is
where we have introduced the following notation
and Ω
(i)
dR is a generalization from the Eq. 5, to obtain
where reactor R1 has been arbitrary chosen as reference reactor. Nevertheless, choosing a different reactor leave Eq. 12 unchanged. The iso-flux condition, originally in Eq. 11, is now more generally expressed as
which, like in the case of DC-II, would cause SF to go to zero, regardless of any other error dependence, upon imposition, if the geometry of the experimental site considered allows.
Upon introducing the geometry of RENO, we can summarise our finding as follows,
• SF will obtained full cancellation if reactor errors are fully correlated, as demonstrated and illustrated for DC-II (Fig. 3) , regardless of the experimental site geometry.
• SF will be largest in case of the fully uncorrelated reactor systematics errors when they deliver similar fluxes, also as obtained for DC-II. However, an overall SF follows 1/ √ N R reduction, hence, SF will benefit sites with many independent (i.e. uncorrelated errors) identical reactors. In a sites with different reactor types, the effective SF might be deteriorated.
Mathematically, this can be seen when considering k = 0 and N R → ∞ into Eq. 12. The factors on the denominator, (1 + S d ) 2 and (1 + S n )(1 + S f ) will increase faster than the corresponding factors at numerator, S d 2 respectively S nf , hence leading to cancellation.
• RENO has some SF reduction due to some degree of iso-flux-ness. The amount of SF reduction is limited, as expected, since the geometry of the site is not optimal to ensure that the near and far have a similar contribution across all reactors equally. The near sees, respectively, ∼78%, ∼16% and ∼6% from the different reactors pairs (from the nearest to the farthest), while the far sees a more even contribution from all reactors. Thus, the RENO site is not expected to meet the iso-flux condition fully. The total SF measured was estimated to be ∼0.23 in the full power scenario.
• There is a small difference between the nominal power of two RENO reactors [4] . In our analysis, we took this into account by weighting the correspondent Ω (i) DR terms. Unlike so far assumed, commercial reactors do not deliver their flux constantly over time. Some unavoidable variations expected are due to refuelling, a total reactor stop once a year over a few weeks, and reactor burn-up effects, typically a few percent decrease in flux over the entire year. In addition, reactors might be run differently every year, so each reactor cycle history is a priori expected to be unique. When that happens in site with many reactors, the effective SF can only deteriorate as the two above conditions will be varied away from its optimal spot. This effect will be further studied and quantified later on.
Multi-Detector: the Daya Bay Configuration
Let us now consider the setup of the DB experiment now. As illustrated in Fig. 1 , this site differs from the other on having 2 near sites to monitor the two sets of reactors geometrically grouped of the power plant. The near-1 monitors mainly reactors R1 and R2, while and the near-2 monitors all others.
Using similar formalism till now, the only modification here is to build the Ratio(f /n), used in Eq. 6, with the explicit contribution of two near sites in the denominator. Hence, the new expression becomes
where β and γ are two constants, whose values are fixed by the experimental geometry and the fluxes of the running reactors. If optimisation of the site, upon design, wanted to be considered, the effective SF of DB would have depended on them. For the prediction, the new flux is thus constructed from the combination of the two near sites measurements; i.e. Φ n1 , Φ n2 . However, the near sites do not only monitor their respective reactors, but instead, they also see a fraction of the other reactors (not supposed to be monitoring); i.e. near-2 also sees ∼6.5% of reactors R1 and R2 and near-1 see about, ∼17% of the remaining reactors. This makes this ratio very delicate, since some degree of double-counting is unavoidable by the nears is unavoidable, while this is not present in the far. This will translate into a loss of the iso-flux-ness condition. The same conclusions listed for RENO are valid for DB (previous section). The overall SF estimated for this site is 0.18 benefiting for slightly better partial isoflux-ness relative to RENO, despite the visual appealing geometrical symmetry of the RENO site. In the case of both RENO and DB, most of the SF (∼60%) arises from the 1/ √ N R scaling due to their large number of identical reactors.
Suppression Fraction Estimation via Monte-Carlo
Together with the analytical formalism presented, we have analysed the reactor flux systematics using a MonteCarlo based flux simulation method. Likewise, the full geometry and ingredients to each experimental sites are simulated. Each reactor is described by its thermal power (P th ) and fractional fission rates (α k with k = 235 U, 238 U, 239 Pu and 241 Pu, the main core isotopes), while each detector is described by the number of free protons in the target and by the detection efficiency. For simplicity, the same mean α k 's have been used for all experiments, however this is not totally correct, as different experiments not only have different reactors but also the fuel composition, namely the enrichment of 235 U, is expected to be somewhat different. Since the detector correlated errors are canceled in multi-detector setups, we have propagated only the detector uncorrelated errors.
The antineutrino flux emitted by a given reactor is a function of thermal power and the fission rates define Φ = Φ(P th , α k ).
As the error propagation formalism does not depend on the specific form of the function Φ, we do not describe it in detail. For a given binning of the antineutrino energy spectrum, the error of the flux is expressed as the covariance matrix
where i and j stand for the energy bins, and M P th ij ≡ δ i P th δ j P th and M α ij ≡ δ i α δ j α are the uncertainty contributions from the thermal power and the fission rates, respectively. As the error on P th does not depend on the antineutrino energy, M P th is a diagonal matrix with δ i P th = δ j P th = δ P th . For a given reactor r, the error on Φ due to the thermal power uncertainty δ P th is computed as
where σ r P th is the 1-σ error of the thermal power. M α ij is computed by propagating the covariance matrix of the fission rates, C α kl ≡ ρ kl σ α k σ α l , being ρ the correlation matrix and σ α the 1-σ error of the fission rate
where D stands for the derivatives defined as
The α-related error on the integrated flux from a reactor R can be expressed as
where E i stands for the energy phase space of bin i.
For an experimental setup with N R reactors, the final integrated error on the antineutrino flux is derived as the quadratic sum of the contributions from individual reactors, provided by Eq. 18 and Eq. 21
Using the procedure described above, we computed the central values (Φ n and Φ f ) and uncertainties (δ n and δ f ) of the fluxes at both near (n) and far (f ) detectors of DC-II, DB and RENO experiments. We also computed the far-to-near flux ratio, ratio(f n) = Φ f /Φ n , along with its error and, finaly, derived the error SF as
where δ f N F is the error on the flux at the far detector when computed as ratio(f n) × Φ n . Such a SF is independent of the parameterisation of Φ and the specific values of σ P th and σ α .
In this calculation, the SF accounts only for the error suppression provided by the iso-flux-ness of the experimental setup. In order to be compared with the analytical estimation, developed in the previous sections based on the δ f /δ R ratio, one needs to incorporate the uncorrelated error reduction due to the number of reactors. If detectors fulfilled the iso-flux condition, such a reduction would be √ N R . As this is not the case for any of the experiments considered, an effective number of reactors (N ef f R ) has to be computed. According to our simulation, the N 
Reactor Time Variations: Refuelling Scenario
Considering time variation of the flux delivered per reactor will modify the effective SF behaviour described so far, as the effective site reactor power configuration departs from the full-power over-simplified scenario considered so far. In this section, we shall consider the impact to the effective SF for each experiments upon reactor refuelling estimated analytically, which a more realistic experimental scenario since this is, by far, the largest expected reactor-to-reactor variation that can be modelled similarly to all sites considered. The effects associated to burn-up, fuel composition, variations caused by running operation constraints (unicity reactor cycle) will all be neglected, as they are expected to be both smaller in magnitude and site dependent, thus out of the scope of the generic description considered here. However, more accurate estimations expected by each specific experiment should consider its impact carefully. Therefore, for simplicity, let us consider the following refuelling scenario: for a total period of one year, each reactor is stopped for two months for refuelling, while during this period the other reactors are running. In this scenario, we consider also fully uncorrelated reactors errors, representing the worst case scenario. The impact on SF due to one reactor going down is, obviously, site dependent. For DC-II, the overall SF is zero whenever one reactor is monitored by two detectors, regardless of the geometry, as demonstrated before. For RENO and DB, contrary to DC-II, we expect an effective deterioration of SF since both the effective iso-flux-ness condition (power symmetry geometry) and the number of reactors running worsens upon refuelling. Our results can be summarised as follows: DC-II: the year average SF is 0.08 (refuelling scenario), to be compared with 0.12 (full power). Any one reactor off periods will only benefit DC-II as it has null flux uncertainty, therefore the longer the better for systematics, although that will imply a loss in luminosity.
DB: the tear average SF is 0.20, against the 0.18 obtained at full power.
RENO: the results are shown in Table III for each reactor, however the year average SF was found to be 0.24, to be compared when considering all reactors (0.23).
Finally, the refuelling scenario here described (one reactor stopped at the time) is specially naive in the case of RENO and DB, as their data shows simultaneous stop of up 3 reactors for some time, hence the site power might swing up to ∼50%. This will have implications, typically, towards the deterioration of the effective SF to be computed for those sites, when integrating over all those effects, including fuel burn-up. That level of accuracy is beyond the scope of this estimation.
Daya Bay Near Detectors Optimisation
As indicated in Eq. 15, combining flux measurements from different nears with different weights seems an appealing consequence for the case of DB. This represents a fundamental difference with respect to the experimental configuration with a single near. Any scaling of a flux measurement in Eq. 1 is equivalent to a change to the baseline of the detectors. So, a difference between the values of β and γ, in Eq. 15, is equivalent to a change between the relative baselines of the near sites. The authors think that such transformation might become problematic given two possible effects:
• the near sites do not only monitor the closest reactors, but there is a sizeable fraction of flux coming from the further reactors. This implies that the The case for all reactors at full power is indicated by the dashed line, while the maximal variations obtained due to refuelling scenario (simplified case described in text) is indicated by the shaded region. The physical interpretation of this analysis and its application for meaningful reactor flux error suppression is a debate with no consensus within the field. Our result is here illustrated as validation of published results, but it will disregarded for further discussion.
relative normalisation of each near are not fully independent.
• the effect of the neutrino oscillations measured by the near detectors are not fully negligible.
If we ignored both physical conditions, we could consider the optimisation of the contribution of the near sites, as done by DB in [2] . As we have shown previously, our formalism is transparent to any factor which multiplies all solid angles or all fluxes provided by reactors with the same factor for a given detector. Thus, we consider only the relative difference of the weighting parameters as
where ρ = γ/β is the relative weight parameter and
is a linear combination of the omega terms as described by Eq. 13. Since both Φ n and Φ f are given by Eq. 1, we can use directly Eq. 12 in order to get the expression for the corresponding SF. Inserting the values of the geometrical parameters, we show the variation of the SF relative The analytical estimated suppression fraction (SF) per experiment are here summarised. The SF estimated via MC are not shown, as they are numerical identical up to the third digit. SF(total) is shown in both the full-power (over-simplified) and the refuelling scenarios. The SF(total) is defined as SF(total) = SF(iso-flux) × SF(NR) × SF(correlation), whose value is within the interval [0,1], implying total and no suppression, respectively. The potential exploitation of SF(correlation) suppression needs dedicated analysis beyond the scope of this publication. Hence the remaining error is assumed to be totally reactor uncorrelated, implying a SF(correlation)=1 (i.e. no suppression), being the most conservative scenario for multidetector and multi-reactor experiments. Note, however, that this implies maximal suppression due to SF(NR). The impact of SF(correlation), while not estimated for any specific case (being strongly reactor dependent) is generically illustrated in Fig. 5 weighting parameter in Fig. 4 for fully uncorrelated errors of the reactor fluxes. The dotted curve represents the variation of the SF when all reactors are operational and the continuous curve represents the mean value between the values obtained when one reactor is off upon reactor refuelling scenario considered in the last section.
The variations in such refuelling scenario are indicated by the grey area in Fig. 4 accounting for the different reactors. There are two interesting cases to be highlighted ρ = 1: this point represents no relative weighting applied on the near sites, for which SF is ∼0.20. The spread of SF when considering the reactor refuelling scenario is ∼2%.
ρ at minimum: the effective SF obtained is about ∼0.05. The spread due to refuelling is about ∼6%.
Our result is consistent with the official result of DB [2] , where they obtained β = 0.04 and γ = 0.3 for the analysed data period, considering that one of the near contains twice the events than the other, we obtained ρ to be 3.38. Using MC, we also obtained respectively, 0.04 and 0.3. Our calculation here, thus serves as a replication. However, due to the difficulties on the physical interpretation of this, the corresponding SF is ignored any further in this publication. This is consistent with the fact that DB discards it for the measurement of θ 13 .
SUMMARY & DISCUSSION
We have identified, studied and quantified three mechanisms inducing reactor flux uncertainty suppression in the context of multi-detector experiments in multireactor sites. We have quantified the integral error suppression by the suppression fraction (SF) analytically (cross-checked via MC) using simplified experimental scenarios to allow coherent relative comparison across experiments. SF can take values within [0, 1] , where the extreme cases stand, respectively, for total suppression (SF=0) and no suppression(SF=1). The three mechanisms can be characterised by their respective SF terms, since SF(total) is defined as SF(total) = SF(N R ) × SF(iso-flux) × SF(correlation), where i) SF(N R ) is linked to 1/ √ N R scaling of the remaining uncorrelated reactor error, ii) SF(isoflux) is linked to the site iso-flux condition and iii) SF(correlation) is linked to the nature of reactor errors. Both SF(iso-flux) and SF(correlation) could lead to total error suppression under specific site conditions. If those terms are to be exploited, those conditions must be carefully evaluated and demonstrated by each experiments accounting accurately for all pertinent effects, although no experiment have ever done this. Our final results relying simplified refuelling scenarios are summarised in Table IV. This results are not expected to be used by experiments, but as mere guidelines for more accurate estimations to follow up. The contribution of SF(correlation) was not quantified for any specific experimental setup, as it deserves more careful treatment discussed below.
The SF(N R ) has been actively exploited in publications by experiments to improve our knowledge on θ 13 under the assumption that the remaining error is is fully reactor uncorrelated. Typically, N R refers to the number of effectively identical reactors per site. In the case of DB and RENO, this term amounts to ∼60% suppression (6 reactors), whereas this yields only ∼30% suppression for DC-II. Typically, SF(N R ) is propagated into the θ 13 precision as a byproduct of the χ 2 minimisation. The estimation of SF(iso-flux) has not been applied by any experiment so far. It is likely impractically to be implemented via the χ 2 minimisation formulation, instead calculations might follows the prescription here presented. Once estimated, as demonstrated in this publication, the SF(iso-flux) is expected to improve the so far published results by DB and RENO, providing an extra flux error reduction by up to ∼50% and ∼40%, respectively on θ 13 . Due to the simplified conditions assumed for our calculations, our SF's are expected to be slightly optimistic relative to those to be obtained by dedicated analyses by DB and RENO eventually. In the case DC-II, the SF(iso-flux) term is expected to yield a dramatic ∼90% error reduction since the iso-flux condition is almost met. This makes DC-II the only θ 13 experiment likely to benefit from a negligible flux error, compared to other systematics. DC has officially prospected a conservative 0.1% as flux error for DC-II [1] , well within the analysis here presented. Therefore, DC-II final θ 13 sensitivity is expected to be dominated its challenging background systematic,thus in maximal complementary to DB error budget. Since the flux error is dominant for DB, the hereby presented error reduction by ∼50% translates into a significant improvement of the world θ 13 precision by means of DB alone, but also via the envisaged combination by all reactor experiments.
Uncertainty Type Asymmetry DC-II benefits the best SF (∼0.1) due to its almost iso-flux site. RENO and DB benefit mainly from the large number of reactor error suppression, but they also have some partial iso-flux matching hence benefiting from an extra up to ∼50 error suppression so far neglected in θ13 publications. Both full-reactor power (dashed lines) and a simplified refuelling scenario (solid lines) are shown, while the latter is expected to be a more accurate description of the reality. In the refuelling scenario, DC-II benefits from the null reactor flux error whenever only one reactor is running, while RENO and DB have the expected opposite trend.
The SF(correlation) term has the potential to provide further flux systematic error suppression, regardless of the reactor site geometry, in the (unexpected) limit of full correlation across reactors, SF→0 since the SF(correlation) term cancels, as illustrated in Fig. 5 . Assessing the correlation among reactor errors is a difficult subject, having today no specific common prescription or consensus. Thus the only existing consensus is to adopt the most conservative scenario, implying two distinct cases:
Single-Detector Case: maximal SF(total) is obtained if total correlation of reactor errors is assumed, as shown in Fig. 2 . This is because both SF(correlation) and SF(N R ) terms provide no error suppression; i.e. SF=1 each. This the scenario is assumed for all DC-I publications and all single detector experiments, unless otherwise proved, thus affecting all past and and most future experiments.
Multi-Detector Case: maximal SF(total) is obtained if total uncorrelation of reactor errors is assumed, as shown in Fig. 3 -Right. This implies SF(correlation)=1 and SF(N R )=1/ √ N R , hence benefiting from maximal SF(N R ) reduction. This is the scenario expected to be assumed by DB, DC-II and RENO, until otherwise proved.
Of course, reactor errors are unlikely to be neither totally correlated or totally uncorrelated. The fact that only those extreme cases are considered in the literate is a mere demonstration of the lack of knowledge for a better handling. Beyond the current debate among experts on the subject, the promising exploitation of SF(correlation) will require strong reactor-type dependences to be accounted and justified carefully by each experiment in dedicated publications. This means that each experiment will have to analyse their respective reactors, thus providing insight evidence of the error correlation behaviour. The thermal power contribution, typically indicated by P th , depends mainly on the uncertainty analysis of the internal reactor instrumentation data used for power estimation, as provided by the reactor running company. Instead, the fission fraction evolution, indicated by α f , depends mainly on the simulation uncertainties analysis, including the assumptions and input parameters (fuel configuration, etc) used for the modelling and time evolution. Both the instrumentation and simulations are very specific to each reactor type and, therefore, to the each experiment. Therefore, dedicated analyses are needed by each experiment to justify the delicate exploitation of SF(correlation), in the same way that this publication aims to illustrates the realisation of the unprecedented SF(iso-flux) exploitation.
As a consequence of the unsettled complications behind the assessment of SF(correlation) for each experiment, our description here remains generic in its description, as shown in Fig. 5 , nonetheless, we illustrate and quantify the rationale behind for error suppression and its promising exploitation potential. Our approach is also consistent with the fact that none of the θ 13 experiments have so far provided detailed publications on the nontrivial reactor systematics analyses, including the quantitative justification of all assumptions used so far. In the context of the θ 13 experiments, a few references exist DC [16, 19] and DB [20] (nothing yet available for RENO) illustrating a fraction of their reactor flux studies, but not dealing with the inter-reactor error correlation needed for the exploitation of SF(correction). DC is, however, finalising a dedicated publication [21] on their reactor flux systematics quoted so far. Thus, reactor flux error critical subject, despite its major impact to the final precision on θ 13 , remains unfortunately somewhat obscure in today's literature. As time goes, the statistical error of reactor experiments is no longer dominant, the treatment of the systematics should be clearly laid well in advance to maximise the stability and reliability of the θ 13 measurement, whose impact has critical implication transcending reactor neutrino results, affecting, for example, current searches for neutrino CP-violation.
CONCLUSIONS
This publication provides reactor neutrino experiments with a coherent treatment for reactor flux systematic uncertainty for multi-detector experiments in multi-reactor contributions. We started with careful treatment of the single detector in a single reactor site scenario, being the most relevant case for most reactor experiments beyond θ 13 . We have demonstrated that the challenging reactor flux systematic do not trivially cancel by the adoption of that multi-detector experiments. However, we have identified several means for error suppression in the context of Double Chooz, Daya Bay and RENO experiments, using simplified scenarios to maximise relative comparison. We computed an integral error suppression fraction (SF), which can be broken down into three components, defined as SF(total)=SF(isoflux)×SF(N R )×SF(correlation), where SF(N R ) suppresses the uncorrelated error of identical reactors, SF(iso-flux) suppresses the total error if the site geometry meets fully, or partially, the iso-flux condition and SF(correlation) suppresses the error if the reactor errors are fully correlated. SF(iso-flux) and SF(correlation) could lead to total cancellation of the flux error. However, only SF(N R ) has been exploited to improve the θ 13 precision, although total cancellation is impossible.
This publication deals in detail on the calculation for SF(iso-flux), thus paving the ground for its exploitation, yielding two important observations. First, DC, once in its near+far configuration, is the only experiment expected to benefit from a negligible reactor flux error, thanks to the ∼90% iso-flux error suppression. Second, Daya Bay and RENO could also benefit from their partial iso-flux, thus yielding up to ∼50% flux error suppression. Thus, this publication embodies a major improvement in the global precision of θ 13 by improving the precision of all experiments measuring it, including current results. Finally, we have highlighted the potential for a mechanism, currently neglected, for error suppression relying on further reactor error correlation insight, characterised by the SF(correlation) term, further improving the precision of all multi-detector experiments.
